Remarks 1.2. (i) Let f = ∞ n=0 a n x n ∈ L[[x]] and M = L(x, f, f , . . . . . . , f (n) , .
. .). Then f is a D-algebraic series (over L(x)) if and only if tr. deg. L(x)
(ii) Recall that for a field K, an element f ∈ K((x)) is called an algebraic function over K if f is algebraic over the field of rational functions K(x). An algebraic formal power series over the field L of characteristic zero is a series which satisfies a differential equation of zero order and hence a D-algebraic power series. In other words, if f is algebraic, then tr. deg. L(x) M = 0.
A special type of a D-algebraic power series is a differentially finite (Dfinite, for short) power series. Roughly speaking, a D-finite power series is a series which satisfies a linear differential equation. In other words, a power series f ∈ L [[x] ] is said to be D-finite if f together with all its derivatives f (n) = d n f/dx n , n ≥ 1, span a finite-dimensional subspace of L((x)), regarded as a vector space L(x).
The function of Example 1.1(i) is D-finite, while the function tan(x) is not [10] .
E-algebraic functions.
Since the pth derivative of a power series f over a field of characteristic p > 0 collapses to zero, the notion of Dalgebraicity is not so significant over fields of characteristic p > 0. In [8] we defined an analogue of the concept of a D-algebraic function over a perfect field K of characteristic p > 0, as follows. From now on K will denote a perfect field of characteristic p > 0 and Z p will denote the ring of p-adic integers.
The operator E i is semilinear; that is, if f, g ∈ K((x)) and λ ∈ K, then
Moreover,
Let Ω be the semigroup generated by the identity operator and the E i for i ∈ {0, 1, . . . , p − 1} with ordinary composition as multiplication. With each f ∈ K((x)) we associate its orbit
Notation. We shall denote by Γ K the set of all E-algebraic functions.
then f is not algebraic; see, for example, [5, 7] .)
In [8] we showed that Γ K with ordinary addition and multiplication of series is a field with some natural properties. Note also that by Example 2.2, we have
3. Hadamard products of D-algebraic and E-algebraic power series. Recall that for the power series f = n≥0 a n x n and g = n≥0 b n x n , the Hadamard product of f and g, denoted by f * g, is the series defined by f * g = n≥0 a n b n x n . D L , the set of all D-algebraic power series over L, is not closed under the Hadamard product operation, as the following example shows.
n . Then f and g are D-algebraic. However,
which is not D-algebraic (see [4] ).
An example of a subalgebra of D L which is closed under the Hadamard product operation is the algebra of D-finite power series (see [10] ).
Note that in Example 3.1, g is D-finite. Hence the Hadamard product of a D-algebraic and a D-finite power series is not D-algebraic. However, in [6] we proved the following result.
In analogy with the case of characteristic zero, we shall prove the following theorem.
First we need some lemmas.
P r o o f. By Lemma 2.1 we have
.
. . , p− 1} and similarly for "higher order" of E. Thus, when changing the variable from x to βx in h, each element of Ω(h(βx)) differs from the corresponding element of Ω(h)(βx) by some power β 1/p , which is an element of K. By the same argument used in the proof of Theorem 2.7 of [6] , as
Proof of Theorem 3.3. By Lemma 3.4 we can assume that K is algebraically closed. Hence, as f is rational, we can write
Since the Hadamard product operation is a K-bilinear operation it is enough to prove the theorem for the case f 1 = 1/(1 − βx) a , a ≥ 1, where β ∈ K. Let a , k be non-negative integers such that a + a = p k so that
Again by the K-bilinearity of the Hadamard product operation it is enough to prove the theorem for the case
Note that if k = 0, then as g ∈ Γ K , by Lemma 3.5 we have
Hence we may assume that k ≥ 1. Since s ∈ {0, 1, . . . , p k − 1}, we can write
Note that the set Γ K is not closed under the Hadamard product operation, as the following example shows. 
P r o o f. See [8] .
Consider the set S = {θ ∈ Z 2 : θ i = 0 if i is not a power of 2} ∪ {1}. Then S is uncountable and hence there exists an infinite sequence θ (n) , n ≥ 0, of elements of S linearly independent over Q, where
are algebraically independent over F 2 (x) (see [7] ). Now we redefine θ (0) = 0 and consider the functions F and G defined as follows: where F n are all equal to
where φ = i≥0 φ i 2 i ∈ Z 2 is to be determined. Note that by Example 2.2, F and G are both in Γ F 2 . Then
, say, where 
We define φ as follows:
where a n ∈ Z. Hence F n * G n = (1 + x)
for n ≥ 1 are algebraically independent over F 2 (x). Therefore, F * G ∈ Γ F 2 as required.
The classes of p-additive and p-multiplicative power series are some special types of E-algebraic power series, which are closed under the Hadamard product operation.
These series were introduced by Gelfond in [3] . For example, for the p-adic
] is a p-multiplicative series by Lucas' Theorem, and the series f =
, where S p (n) is the sum of the digits of n in its p-adic expansion (see [1] ), is a p-additive power series.
n is p-multiplicative. Then by (1),
As f is p-multiplicative, a 0 = 1, and hence (
Lemma 2.1). By the same argument we have
Hence (E 00 (f ))
and similarly (E ij (f ))
Continuing this process it follows easily that
and
By the same argument we have
Thus (E 00 (f ))
By using a simple induction on the order of E, one can see that
Therefore, f is E-algebraic and the proof is complete.
A similar argument shows that the set of all p-multiplicative power series is closed under the Hadamard product operation and hence we have the following.
P r o o f. We just consider the case where f is p-additive and g is p-
Since g is p-multiplicative, b 0 = 0 and hence
. Similarly, we get
for 0 ≤ i ≤ p − 1. Now by a similar argument we get
Thus (E 00 (h))
for i j ∈ {0, 1, . . . , p − 1} and hence tr. deg.
4. Diagonals of D-algebraic and E-algebraic power series. The notions of D-algebraicity and E-algebraicity can be generalised to the case of several variables. In this section we shall study the diagonal of such series.
For a power series
is called the diagonal of f . Although taking the diagonal of f just amounts to taking the Hadamard product of f with the rational function g = 1/ (1 − x 1 . . . x k ) , the following example shows that Theorem 3.2 is not true for the case of several variables. That is, the diagonal of a D-algebraic power series need not be D-algebraic.
where θ(x) is the theta function. Let
and f 2 (y) = e y .
Then f 1 and f 2 are both D-algebraic. Now,
n , which is not D-algebraic (see [4] We shall show below that the diagonal of an E-algebraic power series in several variables is not necessarily E-algebraic either and hence Theorem 3.3 is not true for the case of several variables.
Let F and G be the functions of Example 3.6. Consider F (x) and G(y) as the elements of The only remaining cases in studying the Hadamard products of Dalgebraic and E-algebraic power series are the following questions for series in one variable, which seem to be open.
Is the Hadamard product of an algebraic power series and a D-algebraic (respectively, E-algebraic) power series D-algebraic (respectively, Ealgebraic)?

